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Abstract
Given graph G=(V; E) on n vertices, the pro(le minimization problem is to nd a one-to-one
function f : V → {1; 2; : : : ; n} such that ∑v∈V (G){f(v)−minx∈N [v] f(x)} is as small as possible,
where N [v]={v}∪{x: x is adjacent to v} is the closed neighborhood of v in G. The trangulated
triangle Tl is the graph whose vertices are the triples of non-negative integers summing to l,
with an edge connecting two triples if they agree in one coordinate and di9er by 1 in the other
two coordinates. This paper provides a polynomial time algorithm to solve the prole minimi-
zation problem for trangulated triangles Tl with side-length l. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction and terminology
For a simple graph G=(V; E) with n vertices, a bijection(1–1, onto mapping)
f :V→{1; 2; : : : ; n} will be called a proper numbering (or labelling) of G. For a proper
numbering f, the pro(le width of vertex v is dened as
wf(v)=f(v)− min
x∈N [v]
f(x);
where N [v] = {x∈V | x= v or (x; v)∈E(G)} is the closed neighborhood of v. Since
v∈N [v], we have wf(v)= 0 if f(v)6f(x) for all x∈N [v]. The pro(le of numbering
f for G is dened as
Pf(G)=
∑
v∈V
wf(v)=
∑
v∈V
(
f(v)− min
x∈N [v]
f(x)
)
:
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Fig. 1. T5. ijk denotes the coordinates (i; j; k) of each vertex.
The pro(le of G is the minimum value
P(G)= min
f
(Pf(G));
where f is taken over all proper numberings of G. A proper numbering f that attains
the minimum value will be called a pro(le numbering.
Lin and Yuan [7] have shown that the prole minimization problem of an arbitrary
graph is equivalent to the interval graph completion problem, which was shown to be
NP-complete by Garey and Johnson [2]. Since minimizing the prole of a graph has
some important applications, a large number of approximation algorithms have been
developed, published and used. But the exact value of prole is known for only a
few classes of graphs (refer to Kuo and Chang [4], Lai and Williams [5,6], Lin and
Yuan [7,8], and Mai [9]).
The prole of any graph on n vertices may be determined in time proportional to n!
by simply testing each possible proper numbering. The prole numbering problem is
said to be solved for a class of graphs if a prole numbering algorithm which operates
in time bounded by a polynomial function of n is provided.
The triangulated triangle Tl is the graph whose vertices are the triples of non-
negative integers summing to l, with an edge connecting two triples if they agree in
one coordinate and di9er by 1 in the other two coordinates. The graph T5 is shown in
Fig. 1.
The bandwidth Bf(G) of a proper numbering f of graph G is the number Bf(G)=
max{|f(u) − f(v)|: uv∈E(G)}. The bandwidth of G; B(G), is B(G)=min{Bf(G):
f is a proper numbering of G}. Hochberg et al. [3] have investigated and solved the
bandwidth problem for triangulated triangles. For bandwith, a straightforward row-by-
row numbering suLces. Here we solve the prole problem for triangulated triangles
and nd that a more complex numbering system is required.
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2. Prole of Tl
For graph proper numbering f, let
ui =f−1(i) for 16i6n
and
Si =f−1({1; 2; : : : ; i})= {u1; u2; : : : ; ui}:
Also, for G=(V; E) and V ′⊆V the open neighborhood of V ′ is N (V ′)= {v: v∈V −
V ′; v is adjacent to at least one vertex of V ′}. From [8], we have the following basic
property of the prole of any graph proper numbering.
Proposition 1. For any proper numbering f of graph G with n vertices,
Pf(G)=
n∑
i=1
|N (Si)|:
In triangulated triangle Tl, we denote the set of vertices in horizontal row i by Ri
for 06i6l. Rows are indexed starting at the bottom, so R0 contains l + 1 vertices,
R1 contains l vertices; : : : ; and Rl contains one vertex, (l; 0; 0). We denote the set of
vertices in line j that runs from upper-left to lower-right and cuts horizontal lines at an
angle of 2=3 by Qj for 06j6l. Q0 is the longest such line, containing l+1 vertices
with end points (l; 0; 0) and (0; 0; l), and Ql is the shortest, only containing (0; l; 0).
And we denote the set of vertices in line k that runs from upper-right to lower-left and
cuts horizontal lines at an angle of =3 by Pk for 06k6l. P0 contains l+ 1 vertices
with end points (l; 0; 0) and (0; l; 0), and Pl only contains (0; 0; l).
Denition 2. For G=Tl and S ⊆V (G), let i = |S ∩Ri| for 06i6l. L(S)=
{(i; j; k): k6i − 1; i + j + k = l; 06i6l} is called the left shift of S. (The left
shift of S e9ectively shifts all vertices on each horizontal row of Tl as far left as
possible.)
A method along the lines of that described by Chva˙talova˙ [1] is used to prove the
following lemma.
Lemma 3. If G=Tl; S ⊆V (G) and T =L(S), then |N (T )|6|N (S)|.
Proof. For any proper numbering P; |N (P)|= ∑li=0 |Ri ∩N (P)|. We show that for
each row Ri; ti = |(Ri ∩N (T )|6|(Ri ∩N (S)|= si. Note that by Denition 2, for each
row Ri, i = |Ri ∩T |= |Ri ∩ S|. For the sake of consistency, we dene −1 = l+1 =0.
For any row Ri, for 06i6l, there are three possible Cases.
Case I: ti =0. Then, clearly ti6si.
Case II: ti =1 and i¿0. Then the only vertex in Ri ∩N (T ) must be adjacent to
the rightmost vertex in Ri ∩T and there must be at least one vertex in Ri − S which
is adjacent to a vertex in Ri ∩ S, therefore si¿1. So ti6si.
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Case III: (ti¿1) or (ti =1 and i =0). In this case there are one or more ver-
tices in Ri ∩N (T ) that have no adjacent vertices in Ri ∩T . Furthermore, all such
vertices must be adjacent to vertices in either Ri−1 ∩T or Ri+1 ∩T . If i−1¿i+1
let m= i − 1, else let m= i + 1. Then Rm ∩T contains vertices that are adjacent to
all vertices in Ri ∩N (T ). Let r1 = |{x∈Ri: x is adjacent to a vertex in Rm ∩T}|, and
r2 = |{x∈Ri: x is adjacent to a vertex in Rm ∩ S}|, then r16r2. Also let p1 = |{x∈Ri ∩
T : x is adjacent to a vertex in Rm ∩T}| and p2 = |{x∈Ri ∩ S: x is adjacent to a ver-
tex in Rm ∩ S}|, then p1¿p2. (Note that p1 = i, but p26i.) Then ti = r1−p16r2−
p2 = si.
So, in all cases for each row Ri; ti6si therefore |N (T )|6|N (S)|.
Denition 4. For any subset S ⊆V (G), let !j = |S ∩Qj|, for 06j6l. UL(S)= {(i; j; k)
| k6!j − 1; i + j + k = l; 06j6l} is called the upper-left shift of S. Let "j = |S ∩Pj|,
for 06j6l. UR(S)= {(i; j; k) | j6"k − 1; i + j + k = l; 06k6l} will be called the
upper-right shift of S.
Lemma 5. If G=Tl; S ⊆V (G) and T =UL(S), then |N (T )|6|N (S)|.
Lemma 6. If G=Tl; S ⊆V (G) and T =UR(S), then |N (T )|6|N (S)|.
The proofs of Lemmas 5 and 6 are analogous to that of Lemma 3. From Lemmas 3,
5, and 6 we deduce Corollary 7.
Corollary 7. If G=Tl; S ⊆V (G) and T =UR(UL(L(S))), then |N (T )|6|N (S)|.
Denition 8. For G=Tl and S ⊆V (G); T =UR(UL(L(S))) is called the shifted set
of S. A proper numbering with the property that, for each 16i6n=(l+ 1)(l+ 2)=2,
Si and the shifted set of Si are identical is called a shifted numbering. If a shifted
numbering is also a prole numbering, it is called a shifted prole numbering.
Now it is clear that if f is any prole numbering of Tl, there is a corresponding
shifted prole numbering (i.e. the numbering that replaces each Si with the shifted set
of Si) of Tl. This leads to the following corollary.
Corollary 9. Tl has a shifted pro(le numbering.
Corollary 9 follows directly from Lemmas 3, 5, and 6 and Proposition 1.
Corollary 10. If f is a shifted pro(le numbering of Tl and v is the top vertex of Tl,
then f(v)= 1.
From this point on, in order to provide a more intuitive and readable notation, we
change our numbering system for the horizontal rows of Tl. We now call the top row
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Fig. 2. Numbering pattern, rows numbered from top.
(with one vertex) row 1, the next row down (with two vertices) row 2; : : : ; and the
bottom row is row l+ 1.
From Proposition 1 and Corollaries 9 and 10 we describe the characteristics of the
numbering pattern for a shifted prole numbering as follows. First, we number the
top r rows (rows 1; : : : ; r) from left to right. When in row r + 1, number sequentially
through the kth vertex in the row and return back to the left of the next row. Repeat
this s times. Then number all remaining vertices along each Pk , for k from 0 to l)
proceeding sequentially from upper-right to lower-left. See Fig. 2.
Lemma 11. There is a pro(le numbering with the pattern described above.
Proof. The following must be done to achieve a shifted prole numbering. From Corol-
lary 10 we must number the top vertex (l; 0; 0) rst. (l − 1; 1; 0) must be numbered
next. Note that there is a complete upper triangle (possibly as small as one vertex
(l; 0; 0)) that is numbered sequentially row by row, left to right. Say that row r is the
last row so numbered. Then for the (r + 1)th row we know we cannot number the
rightmost vertex before we number (0; l; 0). (Otherwise, to minimize
∑
i∈P N (Si), for
P the set of consecutive integers assigned after leaving row r + 1 through numbering
the last vertex of row r + 1, we should have numbered row r + 1 completely and
sequentially left-to-right as in row r.) Suppose we number k vertices in row r + 1,
then proceed from the left in row r+2. In row r+2 we must number as many vertices
as possible because once we proceed to the following row the number of neighbors
will be increased by 1 for each number assigned. And we cannot number more than k
vertices in any such row because if we do the number of neighbors of the nodes in the
following row will also be unnecessarily increased by 1. Therefore, exactly k vertices
must also be assigned in row r + 2. Proceeding inductively, we repeat this numbering
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pattern s times. We must then complete the numbering of angled column P0 down to
row l + 1 as soon as possible since each time an angled column is completed, the
number of neighbors is decreased by 1. And the way to complete the angled columns
is to number all the vertices along P0, then P1; : : : ; Pl, each in a manner that is shifted
(thus from upper-right to lower-left).
Note that the above prole numbering pattern involves: r=number of rows se-
quentially numbered from the top so 16r6l + 1; k =width of the next s rows so
06k¡r + 1; and s for 06s6l+ 1− r.
Using Proposition 1, we consider breaking Tl into ve regions to compute its prole.
In the top triangle, rows 1; : : : ; r,
∑
i
|N (Si)|=1× 2 + 2× 3 + · · ·+ r (r + 1)= r(r + 1)(r + 2)3 :
In the area from row r + 1 to r + s with width k,
∑
i
|N (Si)|= k((r + 2) + · · ·+ (r + s+ 1))= k(2r + s+ 3)s2 :
In the area below this,
∑
i
|N (Si)|= (r + s+ 2) + · · ·+ l+ 1 + l
+
k−1∑
i=1
((l+ 1− i)(l− s− r) + (l− i))
=
(l+ r + s+ 3)(l− s− r)
2
+ l+
(k − 1)(2l− k)
2
+
(l− s− r)(2l− k + 2)(k − 1)
2
:
In the area beside it,
∑
i
|N (Si)|=
r−1∑
i=k
((l− i + 1)(l− r) + (l− i))
=
(l− r)(2l− r − k + 3)(r − k)
2
+
(2l− r − k + 1)(r − k)
2
:
In the rightmost triangle,
∑
i
|N (Si)|=
l−r−1∑
i=0
((l− r − i)(l− r − i + 1) + (l− r − i))
= 2(l− r + 1)(l− r) + (l− r − 1)(l− r)(2l− 2r − 1)
6
− (l− r):
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Fig. 3. Prole numbering for T5.
Then for a given shift numbering f constructed in this manner, Pf(Tl) is given by the
sum of the terms described for each of the ve areas of Tl. This is a function of r; k
and s, say fl(r; k; s). Pf will be a prole numbering of Tl when it minimizes fl(r; k; s).
Thus we have the following Theorem.
Theorem 12.
P(Tl)= min
r;k;s
fl(r; k; s);
where 16r6l+ 1; 06k¡r + 1; 16s6l+ 1− r:
Then to nd the values of r; k and s that minimize fl(r; k; s) only requires polynomial
time even with an exaustive test. In fact, each of r; k and s is bounded by l+ 1 so,
for a given l, exhaustive search provides an O((l+ 1)3) prole numbering algorithm.
And since Tl contains n=(l+ 1)(l+ 2)=2 vertices, as a function of n this an O(n1:5)
algorithm. Fig. 3 shows a shifted prole numbering for T5.
3. Prole for some Tl triangles
Here we have the values of r; k and s found by exhaustive search for several
triangulated triangles (Table 1).
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Table 1
l value Prole r k s
5 72 2 2 1
2 2 2
3 1 1
3 1 2
3 2 1
10 401 5 3 3
5 4 2
5 4 3
6 3 2
20 2585 11 6 5
11 6 6
11 7 5
50 34940 15 28 28
100 265492 29 57 57
500 31,805,040 285 143 143
285 144 142
285 144 143
286 143 142
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